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Hidden Markov Models: Two-Stage Stochastic Processes

OROONORENO

discrete stochastic process = series of random variables which take
on values from a discrete set of states
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Hidden Markov Models: Two-Stage Stochastic Processes

P(st|s1, 2, ... 5t-1)

discrete stochastic process = series of random variables which take
on values from a discrete set of states (= finite automaton)

Process independent of absolute time t

Distribution s; only dependent on previous states
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Hidden Markov Models: Two-Stage Stochastic Processes

P(s¢|se-1)

discrete stochastic process = series of random variables which take
on values from a discrete set of states (= finite automaton)

Process independent of absolute time t
Distribution s; only dependent on previous states

particularly dependent only from immediate
predecessor state (= first order)

= P(st|s1,52,...5—1) = P(st|st—1)
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Hidden Markov Models: Two-Stage Stochastic Processes

P(s¢|se-1)

P(Ols:)

discrete stochastic process = series of random variables which take
on values from a discrete set of states (= finite automaton)

Process independent of absolute time t
Distribution s; only dependent on previous states

particularly dependent only from immediate
predecessor state (= first order)

= P(st|s1,52,...5—1) = P(st|st—1)

Depending on current state s; for every point in time additionally
an emission O is generated
= P(Ot|01 e ()tfj[7 S1... St) = P(Ot|st)

Caution: Only emissions can be observed — hidden
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Hidden-Markov-Models: Formal Definition

A Hidden-Markov-Model X of first order is defined as:
a finite set of states:

{sl1<s< N}

a matrix of state transition probabilities:

A ={ajlaj = P(st = jlst—1 = i)}

a vector of start probabilities:

™ = {7r,-|7r,- = P(51 = I)}

state specific emission probability distributions:
B = {bjx|bjx = P(O: = ok|s: = j)} (discrete case)
or

{bj(0:)|bj(O:) = p(O¢|s: = j)} (continuous case)
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Toy Example: The Occasionally Dishonest Casino — |

[idea from [7]]
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0=1,1,2,6,6,6,3,5

Casino occasionally exchanging dice: fair < loaded
= Model with two states: S¢,;, and S|g,ded

Results of the rolls
= Underlying state-sequence remains hidden!

Which die has been used, i.e. when is the casino cheating?
= Probabilistic inference about internal state-sequence using stochastic model
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Modeling of Emissions

Very limited
application fields

Well suited for discrete data (e.g. DNA)

7 Inappropriate for non-discrete data — use of
vector quantizer required!

Standard for most pattern
recognition applications processing sensory data

Treatment of real-valued vector data
(i.e. vast majority of “real-world” data)

Defines distributions over R"

No general parametric description ©°
p(x) = D aN (Xl Ci)
Approximation using mixture densities k=1
M
~ 3 aN (I, Ci)
k=1
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Modeling of Emissions — I

ai aj Ak Mixture density modeling:

Base Distribution?
= Gaussian Normal densities

Shape of Distributions

(full / diagonal covariances)?

= Depends on pre-processing of the
data (e.g. redundancy reduction)

Number of mixtures?
= Clustering (...and heuristics)

Estimation of mixtures?
= e.g. Expectation-Maximization

[ ]
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Usage Concepts for Hidden-Markov-Models
> o O 3 O
/)
{\/\

Patterns observed are generated by stochastic models which are
comparable in principle
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Usage Concepts for Hidden-Markov-Models

Cy Oy O O

5

P(OIN)
I nA
{\/\

Patterns observed are generated by stochastic models which are
comparable in principle

How well describes the model some pattern?
— Determination of the production probability P(O|\)
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Usage Concepts for Hidden-Markov-Models

(y O &
(=) T )—{ st

(o)

F—O—F— - ——
\X/ s* = argmax P(0,5|)

N

Patterns observed are generated by stochastic models which are
comparable in principle

How well describes the model some pattern?
— Determination of the production probability P(O|\)

What is the “internal structure” of the model? (£ “Recognition”)
— Determination of the optimal state sequence
s* = argmax P(0,s|\)

S
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Usage Concepts for Hidden-Markov-Models

QO O QO

O G ——0
\\/ P(OI3) > P(O]})

Patterns observed are generated by stochastic models which are
comparable in principle

How well describes the model some pattern?
— Determination of the production probability P(O|\)

What is the “internal structure” of the model? (£ “Recognition”)
— Determination of the optimal state sequence
s* = argmax P(0,s|\)

S

How to determine the “optimal” model? .
— Improvement of a given model A with P(O|A) > P(O|X)
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The Production Probability

Assessment of HMMs' quality for describing statistical properties of data

Production probability P(O|\) that observation sequence O
was generated by model \ — along an arbitrary state sequence

O
O O

O

states

= P(O))

time
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The Production Probability: Naive Determination

Probability for generating observation sequence O, O,, ... Ot along
corresponding state sequence s = s1, S, ... st of same length:

P(O[s, \) = [ ] b= (0x)

Probability that a given model A runs through arbitrary state sequence:
T T
P(s|A) = mq H Ase_1,58 — H Asp 1,5t
t=2 t=1

(1) + (2): Probability that A generates O along certain state sequence s:

P(0,s|\) = P(Ols, \)P(s|\) = Hast Lsebs (Or)

Total P(O|)): Summation over all possible state sequences of length T

P(O[)) = ZPOS\)\ ZPO|5>\ (s|A)

/ Complexity: O(TNT)
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The Production Probability: The Forward-Algorithm

Exploitation of the Markov-property, i.e. the “finite memory”
= "Decisions” only dependent on immediate predecessor state

Let:
ai(i) = P(O1, 0z, ... O, 5t = i|A) Ora
(forward variable) | P ° °

Otl(i) = TF,'b,'(Ol)

ai+1(j) = {iat(i)ag} bj(Or+1) it % OE\" ar()
- ' /<> A7

P(O|)) = Zar /// |

\

. > o o

Complexity: O(TN=)!
(vs. O(TNT) from naive determination) 0 ey rini
Later: Backward-Algorithm [ |

T. Plétz
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The “optimal” Production Probability

Consider all paths through model
Mathematically exact determination of P(O]|\)

@ Specialization of partial models within total model cannot be judged

Consider only respective optimal possibility to generate O, given A

Discrimination between A; (satisfying on average) / A2 (specialized)

P*(O]X) = P(0,s*|A\) = maxs P(O, s|\)

%]

%

8

0:(i)= max P(O1,...0¢,s1,...5-1,5 = i|\)3
S1,.--5p—1

01(i) = mibi(O1)

Vt, t=1...T —1: Jj
der1(f) = max {0¢(1)ay} bj(Or41)

P*(0[2) = P(0,5"|A) = maxdr (i)

Oi11
— o °
/ . ““ bj(0t+1>
% O;;_"I,oérﬂg)
7l
S °
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Decoding

Global production probability P(O|)\) not sufficient for analysis if
individual states are associated to meaningful segments of data

(Probabilistic) Determination of optimal state sequence s* necessary
of posterior probability:
s" = argmax P(s|0, \)
s

Bayes' rule:
P(0,s|))
P(O[X)
P(O|)) irrelevant (constant for fixed O and given ), thus:

P(s|0,\) =

s* = argmax P(s|O, \) = argmax P(O, s|\)

Brute-Force [ ] or
more efficiently: Viterbi-Algorithm
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The Viterbi Algorithm

... inductive procedure for efficient determination of s exploiting Markov property

Let: §:(/) = max P(O1, 0, ... 0 s = i|A)

51,525-+-5t—1

51(1) = 7T;b,'(O1) ’QZ)1(I) =0
0e1(j) == ml_a><(5t(l')aij)bj(0t+1) Yen(J) == argmax...

P*(0O|\) = P(0O,s™|\) = ml_axér(i)

s7 1= argmax dt(j)
J P(*O|)\) = P(0O,s*|\)

Back-tracking of optimal path: f
st = Yera(siig) Q Q Q Q O {C}/)
ONONONOGNORE O

Implicit segmentation

states

Linear complexity in time

@ Quadratic complexity
w.r.t. #states

T. Plétz
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Toy Example: The Occasionally Dishonest Casino — Il

() ()

T
v

Sioaded

of the given HMM A:
Start probabilities: = (1/2 1/2)7

0.95 0.05
0.1 09

16 1/6 1/6 1/6 1/6 1/6
1/10 1/10 1/10 1/10 1/10 1/2

Observation sequence: O = 01,0,,...,0r =1,1,2,6,6,6,3,5

Transition probabilities: A = (

Emission probabilities: B = (

Internal state-sequence for segmentation into fair use and cheating
= Viterbi-Algorithm
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Toy Example: The Occasionally Dishonest Casino — Il

095 0.05
W= 1/2 A:< 01 09 )
1/6 1/6 1/6 1/6 1/6 1/6 — T
B = (1//10 1//10 1//10 1//10 1//10 1?2) v
0 = 1,1,2,6,6,6,3,5
3 o o o o o o o o

foir (1)
O
O
O
O
O
O

O

O

Stoaded]
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Toy Example: The Occasionally Dishonest Casino — Il

0.95 0.05
mo= 12 A:< 0.1 0‘9>
_ (16 1/6 1/6 1/6 1/6 1/6 /\
- 1/10 1/10 1/10 1/10 1/10 1/2 N~
0O = 1,1,2,6,6,6,3,5
01(2) = maby(01) =1/2-1/10 =1/20
<
o
1 —O O O O O O O O
21 w@=0
| 01(1) =mbi(0)) =1/2-1/6 =1/12
sl ——O O O O O O O O
P1(1) =0
| | | | | | | |
1 2 3 4 5 6 7 8 t
1 1 2 6 6 6 3 5 [}
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Toy Example: The Occasionally Dishonest Casino — Il

0.95 0.05
mo= 12 A:< 0.1 0‘9>
_ (16 1/6 1/6 1/6 1/6 1/6 /\
- 1/10 1/10 1/10 1/10 1/10 1/2 N~
0O = 1,1,2,6,6,6,3,5
61(2) = 1/20 01(2)an =1/20-.95 = .0475
> 61(1)ap = 1/12 - .05 = .004
o
3 o O O O O O
21 pwE=0
61(2)axn = 1/20 .1 = .005
—~| & =1/12 01(1)ay; =1/12- .95 = .079
;| —O o o o O o O
Y1(1) =0
| | | | | | | |
1 2 3 4 5 6 7 8 t
1 1 2 6 6 6 3 5 o,
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Toy Example: The Occasionally Dishonest Casino — Il

0.95 0.05
W= 1/2 A:( 0.1 0‘9>
_ 16 1/6 1/6 1/6 1/6 1/6 //\
- 1/10 1/10 1/10 1/10 1/10 1/2 N~
0 = 1,1,2,6,6,6,3,5
61(2) =1/20 02(2) = .0475 - by(0;) = .0475 - 1/10 = .00475
o~
o
3 o o o o O O
o

Y1(2) =0 V2(2) =2

| aw=112 5>(1) = 079 - by(02) = .079 - 1/6 = .013
4
;| —O o O O O O O
Pi(1) =0 (1) =1
| | | | | | | |
1 2 3 4 5 6 7 8 t
1 1 2 6 6 6 3 5 O,
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Toy Example: The Occasionally Dishonest Casino — Il

0.95 0.05
W= 1/2 A*< 01 09 )
_ 16 1/6 1/6 1/6 1/6 1/6 //\
- 1/10 1/10 1/10 1/10 1/10 1/2 N~
0O = 1,1,2,6,6,6,3,5
61(2) =1/20 62(2) = .0075  63(2) =.000675 d4(2) =0.0003 d5(2) =.0014  &6(2) = .00063 &7(2) = .000057 dg(2) = 5.13E — 6
) () =2  P3(2)=2 Pa(2) =2  ¢s(2)=2  ye(2) =2 Yr(2) =2 g(2) =2
2
21 pwE=0
- au( 3 3 F
E
(1) =0 () =1 Ys()=1 @) =1 ¥s()=1 e(l)=2 ()=2  g(l)=1
| | | | | | | |
1 2 3 4 5 6 7 8 t
1 1 2 6 6 6 3 5 O:
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Toy Example: The Occasionally Dishonest Casino — Il

0.95 0.05
mo= 12 A:( 01 09 )
_ (s 16 1/6 16 1/6 1/6 O
1/10 1/10 1/10 1/10 1/10 1/2 N~
0O = 1,1,2,6,6,6,3,5
61(2) =1/20 85(2) = .0075  83(2) = .000675 84(2) = 0.0003 65(2) = .0014  55(2) = .00063  67(2) = .000057 dg(2) = 5.13E — 6

S (2) =2 ¢3(2) =2 va(2) =2 Ps(2) =2  e(2) =2 w2 =2  yg(2)=2

3 —

3

2| wE=o0

i 5 I

| a@=1/12 2 2 g

=) - z 3

1 O

Pi(1) =0 Pa(1) =1 Ga(1) =1  a()=1  s(1)=1 Ye(1) =2  4r(1) =2 Pg(1) =1
| | | | | | | |
1 2 3 4 5 6 7 8 t
1 1 2 6 6 6 3 5 O,
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Parameter Estimation — Fundamentals

Derive optimal (for some purpose) statistical model from sample data
No suitable analytical method / algorithm known

Iteratively improve existing model A
= Optimized model A better suited for given sample data

Parameters of A subject to growth transformation such that
P(...|A) > P(...|))

“Observe” model’s actions during generation of an observation sequence

Original parameters are replaced by relative frequencies of respective events

5. — expected number of transitions from jtoj
Y 7 expected number of transitions out of state
~ expected number of outputs of ok in state /
b,’(Ok) =

total number of outputs in state/

@ Only probabilistic inference of events possible!

@ (Posterior) state probability required!

T. Plétz
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The Posterior State Probability

Efficiently compute P(S; = i|O, \) for model assessment

Exploit limited memory for
History — forward-probability a. (/) [ ], and

Rest of partial observation sequence — backward-probability [3:(i)

states
Let
Be(i) = P(O¢s1, Ots2, ... O1|se = i, N)
Br(i):=1 j
For all timest, t=T —1...1:

Be(i) == Z ajbj(Or11)Br11(j)

P(O|\) = émbi(ol)ﬂl(i)

T

»,
-
+
—-

time

T. Plétz
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The Forward-Backward Algorithm
... for efficient determination of posterior state probability

P(S: =i,0]))

A 2 VI |
P(St:l,o|)\) - P(Ol,OQ,...Ot,St:i|>\)P(Ot+1,0t+2,...OT|St:i,>\)
= at(i)ﬁt(i)
S owl) = P(S = i0,)) = 70‘;((’2)‘7;()’)
A

N
N
N

N

W)

o

[e]
o - - -
o

‘i
AN
AN

t+1

time

T. Plétz
Markov Models for Pattern Recognition


http://www.uni-dortmund.de
http://www.thomasploetz.de

Parameter Training using the Baum-Welch-Algorithm

Variant of Expectation Maximization (EM)-Algorithm
(parameter estimation for stochastic models incl. hidden random variables)

Total production probability P(O|)), thus
P(0[}) > P(O|))

(of quantities based on forward- and backward variables)
= Allow (statistical) inferences about internal processes of A\ when generating O

’Yf("v.j) = P(Sl‘ =1, 5¢41 :j‘07 )‘) states Oi1
_ P(S5t=1i,5:11=j,0[)) R o o o
- P(O|)) e S
_ at(i) ajj bj(0t+1)ﬁt+1(j) % . ////
P(0|)\) J A / o a e 0110
w() = P(Se=il0.N) i %m./ o %
N
= ZP(St =1i,5t11 =j|O, A) % %
Jj=1 .
N / ' %
_ Z"/t(i7j) o [e] o o]
j=1 t f1 time

T. Plétz
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The Baum-Welch-Algorithm

~e(i) = P(S: = i|0, ) - %

Let

Ozt(f) ajj bj(ot+l) ﬁt+1(j)
P(O[A)
Z,{V:I ot (i) ajj cjk gjk(Or) Bt ()
P(O[A)

Ye(i,j) = P(St =i, St+1 = 4|0, \)

&, k) =P(St=j,M: =k|O,N\) =

Choose a suitable initial model A = (7, A, B) with initial estimates
(i, ajj, ¢k for mixtures g (x) = N (x|, Cix) for pdf. by (x) = 3=, cix gix(x).)

Compute updated estimates \ = (#, A, B) for all model parameters:
5. — Zig (i) A
ajj = =
ST i = (i)
& — 21 &lih)
T w0
L., — M PS S &l k) xex] AN AT
Pik = ST ek Cix = W — kM

if P(0|}) was considerably improved by the updated model X w.r.t. A
let A < X and continue with step 2
otherwise Stop!

T. Plétz
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Multiple Observation Sequences

Sample sets used for parameter training are subdivided into individual
segments — so-called turns

Turns were considered individual observation sequences
Estimate model parameters also on a set of isolated sequences

Accumulate across all observation sequences considered statistics
gathered for the updating of the parameters

Example:

§1/r(J» k) Xt

M"
M~

>
Il

N
o+

Ky =
&, k)

Ml\
il

Il
—_
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Hidden Markov Models: Summary

Two-stage stochastic process for analysis of highly variant patterns
(allows for probabilistic inference about internal state sequence — i.e. recognition)

Efficient algorithms for training and evaluation, resp., exist
(Forward-Backward, Viterbi-decoding, Baum-Welch)

Can “easily” be combined with statistical language model
(channel model: integration of [ D

# Considerable amounts of training data necessary
(“There's no data like more data!” [?])

and Extensions (not covered here):

Hybrid models increased robustness
(often combination with neural networks)

Techniques for fast and robust adaptation, i.e. specialization, exist
(Maximum A-posteriori adaptation, Maximum Likelihood Linear Regression)

T. Plétz
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